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Abstract 

The quantum completion A of the space of connections in a manifold 
can be seen as the set of all morphisms from the groupoid of the edges 
of the manifold to the (compact) gauge group. This algebraic construc- 
tion generalizes the analogous description of the gauge-invariant quantum 
configuration space A/G of Ashtekar and Isham, clarifying the relation be- 
tween the two spaces. Using this setup, we present a characterization of 
A which brings the gauge-invariant degrees of freedom to the foreground, 
thus making the action of the gauge group more transparent. 

1 Introduction 

Theories of connections play an important role in the description of fundamental 
interactions, including Yang-Mills theories and gravity in the Ashtekar formu- 
lation [|, [|. Typically in such cases, the classical configuration space A/G of 
connections modulo gauge transformations is an infinite dimensional non-linear 
space of great complexity, challenging the usual field quantization techniques. 

Having in mind a rigorous quantization of theories of connections and eventu- 
ally of gravity, methods of calculus in an extension of A/G have been developed 
over the last decade. For a compact gauge group G, the extension A/G is a nat- 
ural compact measurable space |3j , allowing the construction of diffeomorphism 
invariant measures |^, |(| . An extension A of the space A of connections was 
also considered . In this case one still has to divide by the appropriate action 
of gauge transformations. Besides being equally relevant for integral calculus, 
the space A is particularly useful for the definition of differential calculus in 
A/G, fundamental in the construction of quantum observables ||]. 

These developments rely crucially on the use of Wilson variables (and gener- 
alizations), bringing to the foreground the important role of parallel transport 
defined by certain types of curves. In this contribution we will consider only the 



case of piecewise analytic curves, for which the formalism was originally intro- 
duced, although most of the arguments apply equally well to the more general 



piecewise smooth case |9L 10 . For both A and A/Q one considers functions on 
A of the form 

A3A»F(h{ Cl ,A),...,h(c n ,A)), (1) 

where h(c, A) denotes the parallel transport defined by the curve c and F : G n — > 
C is a continuous function. These functions define (overcomplete) coordinates 
on A. In the case of A/Q only closed curves - loops - are needed, producing 
gauge invariant functions, or coordinates on A/Q. For compact G, the set of 
all functions ([!]) is naturally a normed commutative *-algebra with identity. 
Therefore, the norm completion of this *-algebra can be identified with the C*- 
algebra of continuous functions on a compact space called the spectrum of the 
algebra. This is precisely how the spaces A/Q and A were originally introduced: 
A/Q is the spectrum of the above algebra in the loop case, and A is likewise 
associated with more general open curves. These spaces are natural completions 
of A/Q and A, respectively, and appear as good candidates to replace them in 
the quantum context ||, . 

It turns out that both A/Q and A can also be seen as projective limits 
of families of finite dimensional compact manifolds j|, ||, [n]]. This projective 
characterization gives us a great deal of control over the rather complex spaces 
A/Q and A, allowing the construction of measures and vector fields on these 
spaces, starting from corresponding structures on the members of the projective 
families |, § 1 1, [n|_ 

For the case of A/Q, a distinguished group of equivalence classes of loops, 
called the hoop group HQ Q, plays an important role: A/Q can in fact be seen 
as the set of all homomorphisms TLQ — > G, divided by the action of G Q. As 
pointed out by Baez for A a similar role is played by a certain groupoid. 
In our opinion however, this groupoid associated to open curves has not yet 
occupied the place it deserves in the literature, possibly due to the fact that 
groupoids have been introduced in the current mathematical physics literature 
only recently. Recall that a groupoid is a category such that all arrows are 
invertible. Therefore, a groupoid generalizes the notion of a group, in the sense 
that a binary operation with inverse is defined, the difference being that not all 
pairs of elements can be composed. 

In this contribution we consider the projective characterization of A using the 
language of groupoids from the very beginning and show, using this formalism, 
that the quotient of A by the action of the gauge group is homeomorphic to A/Q. 
This new proof, establishing directly the equivalence at the projective limit level, 
is physically more transparent than the proof one can obtain by combination 
of results by Ashtekar and Lewandowski g ||, ||] , Marolf and Mourao |ll| and 
Baez 0. 

2 Projective characterization of A 
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2.1 Edge groupoid 

Let S be an analytic, connected and orientable d-manifold. Let £ denote the 
set of all continuous, oriented and piecewise analytic parametrized curves in E, 
i.e. continuous maps 

c: [0, ii] U . . . U [i n _i, 1] — » S 

such that the images c{]tf.,tk+i\) are analytic submanifolds embedded in E. 
Let a : £ — > E be the map given by cr(c) = c([0, 1]). The maps s (source) 
and r (range) are defined, respectively, by s(c) = c(0), r(c) = c(f), c £ £. 
Given two curves c\, C2 € £ such that s{c2) — r(c\), let C2C1 denote the natural 
composition: 



(c 2 ci)(t) = 



ci(2t), for (6 [0,1/2] 
C3(2t-1), for tG [1/2,1]. 



Consider also the operation chc -1 given by c _1 (t) = c(l — i). Strictly speak- 
ing, the composition of parametrized curves is not associative, since the curves 
(c3C2)ci and 03(0261) are related by a reparametrization. Also, the curve c _1 
is not the inverse of c. Following Isham, Ashtekar and Lewandowski H || and 
Baez [ p"2| , we describe next an equivalence relation in £ such that the corre- 
sponding set of equivalence classes is a well defined groupoid Ipg] , generalizing 
the hoop group j|. 

Let G be a (finite dimensional) connected and compact Lie group and let 
P(E, G) be a principal G-bundle over E. For simplicity we assume that the 
bundle is trivial and that a fixed trivialization has been chosen. Let A be the 
space of smooth connections on this bundle. The parallel transport associated 
with a given connection A £ A and a given curve c £ £ will be denoted by 
h{c,A). 

Definition 1 Two elements c and c' of £ are said to be equivalent if 

(i) s(c) = s(c'), r(c) = r(c') 

(«) h(c,A) = h(c',A), VA e A. 

Two curves related by reparametrization are equivalent and the same is true 
for curves c and c' that can be written in the form c = C2C1, d = C2C3 C3C1. 
For noncommutative G, these two conditions are equivalent to (vi) |5|, |l0|, and 
therefore the equivalence relation is in fact the same for every noncommutative 
compact Lie group. We will consider noncommutative groups from now on and 
denote the set of all above defined equivalence classes by £Q. ft is clear by (i) 
that the maps s and r are well defined in £Q . The map a can still be defined 
for special elements called edges. By edges we mean elements e € £Q which 
are equivalence classes of analytic (in all domain) curves c : [0, 1] — » E. It is 
clear that the images ci([0, 1]) and c 2 ([0, 1]) of two equivalent analytic curves 
coincide, and therefore we define er(e) as being er(c), where c is any analytic 
curve in the classe of the edge e. 
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We discuss next the natural groupoid structure on the set EQ. We will 
follow the terminology of category theory and refer to elements of EQ as arrows. 
Given 7, 7' E EQ such that 5(7') = ri^f), one defines the composition 7^ by the 
composition of elements of E . This operation is clearly well defined and is now 
associative. The points of £ are called objects in this context. Objects are in 
one-to-one correspondence with identity arrows: given i£S the corresponding 
identity l x E EQ is the equivalence class of c _1 c, with c E E such that s(c) = x. 
If 7 is the class of c then 7 -1 is the class of c -1 . It is clear that 7^7 = l s ( 7 ) and 
77 _1 = l r ( 7 ). One therefore has a well defined groupoid, whose set of objects 
is £ and whose set of arrows is EQ. As usual, we will use the same notation - 
EQ - both for the set of arrows and for the groupoid. Notice that every element 
7 E EQ can be obtained as a composition of edges: the groupoid EQ is generated 
by edges, although it is not freely generated. 

For x,y E £, let Horn [x, y] be the set of all arrows 7 such that s{^) = x 
and r(7) — y. It is clear that Horn [1, 1] is a group, Vx. Since £ is connected, 
the groupoid EQ is connected, i.e. Horn [x, y] is a non-empty set Vx, y. In this 
case, any two groups Horn [x, x] and Horn [y, y] are isomorphic. Let us fix a 
point xq E £ and consider the group Horn [xo,:ro]- This group is precisely the 
so-called hoop group HQ [0 , whose elements are equivalence classes of piecewise 
analytic loops. The elements of Horn [xq, xq] are called hoops and the identity 
arrow l xo will be called the trivial hoop. 

Given that EQ is connected, its elements may be written as compositions of 
elements of Horn [xo,xo] and of an appropriate subset of the set of all arrows: 

Lemma 1 Suppose that an unique arrow j x E Horn [xq , x] is given for each 
x E £, 7z being the trivial hoop. Then for every 7 E EQ there is a uniquely 
defined (3 E Horn [xq, Xq] such that 7 = lr{i)PlJ^ ■ 

This result can be obviously adapted for any connected subgroupoid T C EQ. 
The converse of this result is the following lemma, where Homr [xq, xq] denotes 
the subgroup of the hoops that belong to T. 

Lemma 2 Let F be a subgroup of Horn [xq, Xq] and X C E be a subset of E 
such that xq E X. Suppose that an unique arrow ^ x E Hom[xo,x] is given for 
each x E X , j Xo being the trivial hoop. Then the set T of all arrows of the form 
IxPly 1 , with (3 E F and x, y E X, is a connected subgroupoid of EQ, and the 
group Homr [^Oj^o] coincides with F. 

2.2 A as a projective limit 

By condition (ii) in definition |l|, the parallel transport is well defined for any 
element of EQ. To emphasize the algebraic role of connections and to simplify 
the notation, we will denote by A (7) the parallel transport h(c, A) defined by 
A E A and any curve c in the class 7. Since the bundle P(E, G) is trivial, 
A (7) defines an element of the group G. For every connection A € A, the map 
EQ — > G given by 

7 ^ A(ri) (2) 
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is a groupoid morphism, i.e. A^'j) — A(-f')A(j) and A^^ 1 ) = A^) -1 . 
Thus, there is an injective (but not surjective |3[ |], 0]) map from A to the 
set Horn [£Q, G] of all morphisms from £Q to G. It turns out that Horn [£Q, G], 
when equipped with an appropriate topology, is homeomorphic to the space A 
of generalized connections |0, pj, |T^] . This identification can be proved using 
the fact that Horn [£Q, G] is the projective limit of a projective family labeled 
by graphs in the manifold £ H], In what follows we will rephrase the projec- 
tive characterization of Horn [£ Q, G] using the language of groupoids. Later on 
we shall consider the action of local gauge transformations on Horn [£ Q, G] and 
show, in the context of projective methods, that the quotient of Horn [£Q, G] by 
this action is homeomorphic to A/Q. 

We start with the set of labels for the projective family leading to Horn [£Q , G] , 
using the notion of independent edges Q . 

Definition 2 A finite set {ei, . . . , e„} of edges is said to be independent if the 
edges can intersect each other only at the points s(e,-) or r(ej), i = 1, . . . , n. 

Let £Q{e\, . . . , e n } be the subgroupoid of £ Q freely generated by the indepen- 
dent set {ei, . . . , e„}, i.e. the subgroupoid whose objects are all the points sief) 
and r(ei), i = 1, . . . ,n, and whose arrows are all possible compositions of edges 
ei and their inverses. Let £ denote the set of all such subgroupoids. Clearly, 
the sets {ei, . . . , e n } and {e^ 1 , . . . , e^ 1 }, where e^ 3 = ej or e J , generate the 
same subgroupoid. Thus, a groupoid L £ L is uniquely defined by a set 
{o-(ei), . . . ,er(e„)} of images of a set of independent edges. Notice that the 
union of the images o{e.i) is a graph in S, thus establishing the relation with 
the more usual approach using graphs |Q, 0, |j. The set £ is a directed set, 
i.e. for any given L, V G £ there exists L" £ C such that both L and L' are 
subgroupoids of L", L" Z> L and L" D V . This follows from the crucial fact 
that for every finitely generated subgroupoid L C £Q there is an element L 6 C 
such that Lei, which can be easily proved in the piecewise analytic case B. 

Let us now consider the projective family. For each L £ C, let Al '■ = 
Hom[L,G] be the set of all morphisms from the groupoid L to the group G. 
The family of spaces Al, L € C, is a so-called compact Hausdorff projective 
family ||, meaning that each of the spaces A is a compact Hausdorff space 
and that VX, L' 6 C such that L' D L there exists a surjective and continuous 
projection pl.l' '■ Al 1 — * Al satisfying 

VLX" =Pl,l> op L >,L», VL" DL' DL. (3) 

There is a well defined notion of limit of the family of spaces Al - the projective 
limit - which is also a compact Hausdorff space. We discuss next some aspects 
of this construction. 

Let L — £Q{ei, . . . , e„} be an element of C. Since the morphisms L — > G 
are determined by the images of the generators, one gets a bijection p ei ,...,e n '■ 

A L 3 A » (A(ei), A(e n )) 6 G n . (4) 
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Through this identification with G n , the space Al can be seen as a compact 
HausdorfT space. For L 1 D L the projection pl,l' ■ Al 1 — > Al is defined as the 
map sending each element of Al> to its restriction to L. Using the maps (0) it is 
not difficult to see that the projections pl,l> are surjective and continuous H, [l3| . 

The projective limit of the family {Al,Pl,l'} is the subset Aoo of the carte- 
sian product y^LecAh of the elements (Al)l£C satisfying the consistency con- 
ditions: 

Pl,l>A l ,=A l , VL'dL. (5) 

The cartesian product is a compact HausdorfT space with respect to the Ty- 
chonov product topology. Given the continuity of the projections pl,L', the 
projective limit Aoo is a closed subset |fl], || and therefore is also compact 
HausdorfT. The induced topology in Aoo is the weakest topology such that all 
the following projections are continuous: 

PL- Aoc -> A L 

(A L ) L ec " A L . (6) 

The proof that the projective limit Aoo coincides with the set of all groupoid 
morphisms Horn [£Q, G] follows essentially the same steps as the proof of the 
well known fact that the algebraic dual of any vector space is a projective limit. 
In what follows we will identify Aoc with Horn [£ Q, G]. For simplicity, we will 
refer to the induced topology on Horn [£ Q, G] as the Tychonov topology. 



3 Equivalence of the projective characterizations 
of A/Q and A/Q 

In this section we will study the relation between the space of generalized connec- 
tions considered above and the space A/Q of generalized connections modulo 
gauge transformations, from the point of view of projective techniques. The 
gauge transformations act naturally on Horn [£Q, G] and, as expected, the quo- 
tient of Horn [£Q, G] by this action is homeomorphic to A/Q. The proof pre- 
sented here complements previous results [|[ ||, [ill 0, || and clarifies the relation 
between the two spaces. The introduction of the groupoid £Q plays a relevant 
role in this result. 

We start with a brief review of the projective characterization of A/Q j|, [|, 
pT| . In this case the projective family is labeled by certain "tame" subgroups 
of the hoop group TLQ = Horn [xq , xq] , which are subgroups freely generated by 
finite sets of independent hoops. We will denote the family of such subgroups by 
Sh- For each S E Sn one considers the set xs of all homomorphisms S — > G, 
Xs '■= Horn [5, G]. The family {xs}ses H is a compact HausdorfT projective 
Tamily, whose projective limit is Hom[HQ, G], the set oT all homomorphisms 
HQ — > G ||. The space Horn [HQ, G] is equiped with a Tychonov-like topology, 
namely the weakest topology such that all the natural projections 

p s :Rom[HQ,G]^ X S, S E S H , (7) 



G 



are continuous. The group G acts continuously on Horn [HQ, G] [||: 

Horn [HQ, G] x G 3 (H,g) h-» H g : H g (j3) = g- x H{0)g, V/3 6 HQ. (8) 

This action corresponds to the non-trivial part of the action of the group of 
generalized local gauge transformations (see below) . It is a well established fact 
that the quotient space Horn [HQ, G]/G is homeomorphic to A/Q [[0], |). 

Let us consider now the corresponding action of local gauge transformations 
on generalized connections. The group of local gauge transformations associated 
with the structure group G is the group Q of all smooth maps g : £ — » G, acting 
on smooth connections as follows: 

where d denotes the exterior derivative. The corresponding action on parallel 
transports A(j) defined by A E A and 7 E 8Q is given by 

A{ 1 )^g{x 2 )- 1 A{ 1 )g(x 1 ) gEQ, (9) 

where x\ = s(7), X2 — K7). Let us consider the extension Q of Q, 

Q = Ma P [S, G] = G s S X^sG, , (10) 

of all maps g : £ — > G, not necessarily smooth or even continuous. This group 
Q of "generalized local gauge transformations" acts naturally on the space of 
generalized connections Horn [SQ, G], 

Horn [£Q, G]xQb (A, g) ^ A g E Horn [£Q, G] (11) 

where 

4(7) = g(r(7)) _1 A( 7 )g( S (7)) , V 7 6 ^ , (12) 

generalizing (||). It is natural to consider the quotient of Hom[£Q,G] by the 
action of Q, since Hom[£ Q, G] is also made of all the morphisms £Q — > G, 
without any continuity condition. The group Q is compact Hausdorff and its 
action is continuous || |8|. Therefore Hom[£ Q, G]/Q is also a compact Hausdorff 
space. 

Let us consider the compact space A introduced by Baez as the spectrum of 
a G*-algebra, obtained by completion of a *-algebra of functions in A @. The 
original G*-algebra can then be identified with the algebra C(A) of continuous 
functions in A. The group of local gauge transformations acts naturally on 
C(A) and the subspace C G (A) C C(A) of gauge invariant functions is also a 
commutative G* -algebra with identity 0, whose spectrum we will denote by 
A/Q. 

One therefore has four extensions of the classical configuration space A/Q, 
namely A/Q, A/Q, Horn [HQ, G]/G and Horn [£Q, G]/Q. The first two spaces are 
tied to the G*-algebra formalism whereas the last two appear in the context of 
projective methods. As expected, all these spaces are naturally homeomorphic. 
Let us consider the following diagram 
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A/G < — > Horn [HG,G]/G 
I 

a/g < — ► uom[£g,a\/g 



The correspondence between A/ Q and Horn [HG, G]/G was established by Marolf 
and Mourao Hj. A generalization of this result produces a homeomorphism 
between A and Horn [EG, G] ||, which is easily seen to be equivariant, lead- 
ing to a homeomorphism between A/G and Horn [E G, G]/G |§- The corre- 
spondence between A/G and A/G follows from results by Baez 0. In the 
remaining of this section we will show directly that Hom[£G,G]/G is homc- 
omorphic to Hom[HG , G] / G . The relevance of this new proof of a known 
result lies in the clear relation established between Horn [£Q, G] (= A) and 
Horn [HG, G]/G (= A/G), without having to rely on the characterization of 
these spaces as spectra of C*-algebras. 

Since HG = Horn [xq, Xq] is a subgroup of the groupoid EG, a projection from 
Horn [£G, G] to Horn [HG, G] , given by the restriction of elements of Horn [£ G, G] 
to the group HG, is naturally defined. We will show that this projection is 
surjective and equivariant with respect to the actions of G on Horn [EG, G] and 
Hom[HG,G], thus defining a map Horn [EG, G]/G — > Hom[HG, G]/G which is 
in fact a bijection. We will also present the more relevant elements of the proof 
that the latter map and its inverse are continuous. For this we will need some 
lemmas, whose proofs will appear elsewhere |l3| . 

We will start by showing that Horn [EG, G] is homeomorphic to Horn [HG, G] x 
Gx , where G xo is the subgroup of G (10) of the elements g such that g(x ) = 1- 



Let us fix a unique edge e x 6 Horn [xq, x] for each x G S, e Xo being the trivial 
hoop. Let us denote this set of edges by A = {e x , x E £}. Consider the map 

9a : Horn [EG, G] -» Uom[HG, G] x Q Xo (13) 

where A g Horn [EG, G] is mapped to (H, g) G Horn [HG, G] x G Xo such that 

H{f3)=A{(3), V/3 S HG (14) 

and 

g(x)=A(e x ), V.eS. (15) 
Consider also the natural action of G on Horn [HG, G] x Q Xo given by 

(Horn [HG, G] x G x „) xG3((H,g),g')^(H & ,,g g ,), (16) 

where 

H g ,(p)=g'(x )- 1 H(P)g'(xo), V/3 e HG (17) 

and 

g gl (x)^g\x)- 1 g(x)g'(x ), VxeS. (18) 
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Theorem 1 For any choice of the set A, the map ©a is a homeomorphism, 
equivariant with respect to the action of Q . 

It is fairly easy to see that 9a is bijective and equivariant: for a given A, the 
map Oa is clearly well defined and its inverse is given by (H , g) i— > A where 

A( 7 ) =g(r( 7 ))i/(e- 1 7)7 e s(7) )g( S (7)) _1 , V7 G EG . (19) 

It is clear that 0a is equivariant with respect to the action of Q on Horn [HG, G] x 
Qx (0, H) and on Hom[££,G] ((llj, It remains to be shown that © A is 
a homeomorphism. Recall that the topologies of Horn [HG, G] and Horn [E G, G] 
are defined by the projective families {xsIssSm and {Al}l<e£ considered pre- 
viously. 

Given S G Sn and x G £, let Ps and tt x , respectively, be the projections 
from Horn [HG, G] x Gx to xs and G x (the copy of G associated with the point 
x). Recall that the topology of Horn [HG, G] x Q Xo is the weakest topology such 
that all the maps Ps and tt x are continuous. So, Oa is continuous if and only if 
the maps Ps ° Oa and tt x o Oa are continuous, VS* G Sn and \/x £ S. Likewise, 
O^ 1 is continuous if and only if all the mapspio©^ 1 : Horn [HG, G] x Qx a — > Al 
are continuous, where the projections pl '■ Horn [EG, G] — > ^II are defined in (^). 

It is straightforward to show that the maps tt x o Oa are continuous: given 
x E S, one just has to consider the subgroupoid L = £ 5{e x } generated by the 
edge e x G A and the homeomorphism ([|) p 6x : ^l^ — > G. It is clear that tt x o O a 
coincides with j o ex op i; being therefore continuous. 

On the other hand, to show that Ps ° Oa and pl ©a 1 are continuous one 
needs to consider explicitly the relation between the spaces Al and xs, L G C, 

Lemma 3 For every S G S-h there exists a connected subgroupoid L G C such 
that S is a subgroup of L. The projection 

PS.L -Al^XS (20) 

defined by the restriction of elements of Al to S is continuous and satisfies 

Ps°Qa=Ps,l°Pl, VA. (21) 

The continuity of the maps Ps ° Oa, VS* G S-h, follows immediately from lemma 
[| To show that the maps pl ©a 1 are continuous one needs the converse of 
lemma [| Recall that for a given subgroupoid T C EG, Obj T denotes the set of 
objects of r (the set of all points of S which are range or source for some arrow 
in r) and that Horn [r, G] stands for the set of all morphisms T — » G. We will 
also denote by ITr the natural projection from G Xa to the subgroup G Xa (r) of 
all maps Obj r — > G such that g(iro) = 1- 
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Lemma 4 For every L € C there exists S 6 Su and a connected subgroupoid 
T C £Q, with Obj r = Obj L LJ {xq\, such that L C T and Homr [xo,Xo] = S. 
The natural projection from Horn [T,G] to Al defines a map 

Pl.s '■ Xs x Qx (T) - A L (22) 
which is continuous and such that for an appropriate choice of A one has 

PL o or/ = PL ,s o (p s x n r ) . (23) 

Given that the projections : Horn [HQ, G] — > xs an( i lip : — * <?x (T) 
are continuous, lemma ^ shows that for every fixed L S £ there exists a A 
such that pi o G^ 1 is continuous, which still does not prove that all the maps 
Pl ° ©a 1 are continuous for a given A. Notice however that the map 0a ° B^, 1 
is a homeomorphism for any A and A' |k| , from what follows immediately that 

Lemma 5 The continuity of ploQ^ 1 is equivalent to the continuity o/pio87, , 
for any other values of A'. 

This lemma, together with lemma |], shows that, for a given A, all the maps 
Pl ° ©a 1 ' L <E C, are continuous, which concludes the proof of theorem [l]. 

The identification of Horn [£ Q, G]/Q with Horn [HQ, G)/G now follows easily. 
Consider a fixed A. Since Oa is a homeomorphism equivariant with respect to 
the continuous action of Q, we conclude that Horn [SQ,G]/Q is homcomorphic 
to (Horn [HQ, G] x Q Xo )/Q. On the other hand it is clear that 

(Horn [HQ, G] x Q xo )/Q = (Horn [HQ, G]/G) x (Q X JQ X(> ) = 

£ Horn [HQ, G]/G . (24) 

Thus, as a corollary of theorem one gets that 

Theorem 2 The spaces Hom[£Q,G]/Q and Hom[HQ,G]/G are homeomor- 
phic. 
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